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We study the dynamics of the tachyon field T. We derive the mass of the tachyon as the pole 
of the propagator which does not coincide with the standard mass given in the literature in terms 
of the second derivative of V(T) or Log[V(T)]. We determine the transformation of the tachyon 
in order to have a canonical scalar field <j>. This transformation reduces to the one obtained for 
small T but it is also valid for large values of T. This is specially interesting for the study of dark 
energy where T ~ 1. We also show that the normalized tachyon field <f) is constrained to the interval 
Ti < T < Ti where T\,Ti are zeros of the original potential V(T). This results shows that the 
field <j> does not know of the unboundedness of V(T), as suggested for bosonic open string tachyons. 
Finally we study the late time behavior of tachyon field using the L'Hopital rule. 



I. INTRODUCTION 

In recent times a great amount of work has been in- 
vested in studying the dynamics of tachyon field 
This field is motivated from string-brane physics and rep- 
resents the lowest energy level of an unstable Dp-brane or 
that of a brane-antibrane system Q . One of the generic 
properties of this class of systems is precisely, the exis- 
tence of the tachyon field T. Therefore, the phenomenol- 
ogy of the tachyon is very important in understanding 
the low energy limit of string-brane models. 

We would like to determine some of the physical prop- 
erties of the tachyon which are important to set up the 
transition from string-brane theory to an effective low 
energy 4-D field theory 0. Since the tachyon field is 
the last surviving mode of unstable branes, the tachyon 
reheating or decay processes are specially important in 
the low energy theory. The usual reheating or decay pro- 
cesses are given in terms of the coupling of the original 
field to other lighter fields (scalars or fermions) and to 
its mass. Therefore, the phenomenology of the tachyon 
depends heavily on its mass. 

In the case of Dp-brane systems in superstrings, the 
potential V(T) has been conjectured Q to be tachyonic 
at the origin T = 0, have a Z 2 symmetry T — > — T, and 
have a stable minimum. On the other hand for a bosonic 
Dp-brane systems, the potential V(T) has been conjec- 
tured |3( to be tachyonic at the origin, have a minimum 
for T = Ti > 0, with V(Ti) = 0, and be unbounded from 
below for T < with V{T 2 ) = 0. The study of bosonic 
tachyons has not been as exhaustive as for the superstring 
case because it has been argued that the unboundedness 
of the potential is a problem and because potentials with 
a minimum at a finite value of T are unstable |4| . Here 
we will show that the normalized tachyon (^(T 1 ), defined 
below, does not see the unboundedness of V(T) since the 
field 4>(T) is constrained in the interval T 2 < T < T\ 

In this work we are interested in determining the trans- 
formation which renders the tachyon field T into a stan- 



dard normalized scalar field <f) and derive the effective po- 
tential U(4>(T)). The transformation we obtain reduces 
to the one obtained for small kinetic term \T\ <C 1 but is 
also valid for large values of T. This is specially relevant 
for the study of dark energy where T ~ 1 with V(T) ~ 0. 

We study the late time behavior of T and <j> and with 
the use of the L'Hopital rule we derive some exact slow 
roll conditions, valid for late time. It is then easy to 
obtain the scaling solution potentials and determine if 
the potential leads to an accelerating universe. 

This work is organized as follows. In section [n] we 
present an overview of the tachyon field T. In section 
Pll we use the definition of the mass of a scalar field as 
the pole of the propagator to determine the mass of the 
tachyon. In section ITVI we derive the transformation of 
the field T in order to have a canonical normalized scalar 
field 4> while in section|V]we study the model independent 
behavior of <p and we present some examples. Finally in 
section lvll we use the L'Hopital rule to study the late time 
behavior of the scalar field and we conclude in section 

vm 



II. TACHYON FIELD T 

The string tachyon field T is given in terms of a Born- 
Infeld "BP Lagrangian 0, 



L 



-V(T)^/T 



dpTd^T, 



(1) 



with V(T) the potential. The potential is in principle 
arbitrary but if we want to describe a stringy tachyon 
then V has a maximum at the origin T — with positive 
energy. The evolution of T can be obtained by solving 
the equation of motion of eq. (IJ and for an homogenous 
field in a Minkowski metric is given by 



T V T 



(2) 
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where f = dT/dt and V T = dV/dT. From eq.© the 
second term could define an effective potential 



F{T)=Log[V{T% 



(3) 



with dF/dT = V T /V. The potential F has been widely 
used in the literature as the effective potential but as 
we will show neither F nor V are the correct effective 
potential for T @|. 

The energy density and pressure are given by 



P = 



V{T) 



p = L = -V(T) \J\-f 2 . (4) 



In terms of p we can write the pressure as 



P : 



p 



Wp, 



(5) 



with the effective equation of state given by w = 
—V 2 /p 2 . From eq.JSJ) we see that the tachyon field can 
be treated as a Chaplygin gas for a flat potential V or as 
quintessence with w = — V 2 /p 2 . 

The equation of motion @ implies that p = 0, i.e. the 
energy density is conserved, and T becomes a function of 
T, which from eq.QJ is 



rp2 



1 



V{Tf 



(6) 



If at the origin T = Tj = we set up the initial con- 
dition T,i = 0, then from eq.Q we see that the energy 
density takes the constant value p = Vi = V(Ti) and 
V, represents the maximum value of the potential V, i.e. 
V(T) < Vi for all T. Furthermore, if the minimum of the 
potential vanishes, V\ m in = 0, then at this point the ki- 
netic energy becomes T 2 \ m i n = 1. Therefore, if we want 
to have a canonically normalized field which includes the 
late time behavior of T, specially important for dark en- 
ergy considerations, then the field transformation should 
necessarily be valid for large values of T. 



III. MASS 

The mass of a particle enters in different phenomeno- 
logical processes such as particle decay or reheating. 
Therefore, it is important to determine what is the mass 
of the tachyon field T. Naively, the mass of a scalar field 
is given by the second derivative of the potential V((f>) 
w.r.t. the field, e.g. m 2 = dV 2 /d(f> 2 . However, this state- 
ment is only valid if the scalar field has a canonical ki- 
netic term. Of course, this is not the case for the tachyon 
field T. Even if we consider the effective potential F, c.f. 
cq.©, the mass of T is neither given by d 2 V/dT 2 nor by 
d 2 F/dT 2 = Vtt/V - V 2 /V 2 . 

The mass of a particle is simply given by the pole of the 
propagator So in order to determine what the mass 
of the tachyon field is, we need to expand the Lagrangian 



L(4>, d^(j>) up to second order in the field perturbations 
4>{t,x) ~ </>o(t) +5<p(t,x). For quite arbitrary potentials 
and kinetic terms with L(<p, d^d^cj)) , the second order 
term can be put in the form 

dx A 8L = I ' dx A [A{t)5$ 2 + B(t)6<p5cj) + (7) 

+ C(t)5cj)' 2 + D(t)6<l) 2 ], 
with 6(f)' = d(6<fi)/dx and 

Pi 2 t, 

(8) 



„ ld 2 L „ d 2 L 
A = — , B = —. — 

2 B6 2 



2 dd> 12 ' 2 dd> 2 ' 



(9) 



with all other second derivative terms being zero. After 
integrating by parts and dropping surface terms we get 

J dx^SL = - J dx A A S(f> (d 2 t + ^pl + m 2 ^j S(j>, (10) 

with the mass of the scalar field given by 

(11) 

Clearly from eq. (|1(J|> , m 2 represents the pole of the prop- 
agator (df + §<9 2 + m 2 )A F (x) = -S 4 (x). 

In the case of a canonical normalized scalar field with 
Lagrangian L = (d IJi tp) 2 /2 — W(tp) the coefficients of 
cq.(0 are 




A=-, B = Q, 
°~ 2' 2 V 



(12) 



The term A = 1/2 defines a canonically normalized field 
and the mass is given by the usual expression m 2 — 
~D/A = d 2 W/dip 2 . 

In the case of the tachyon field T given in eq.Q, one 
has 



A= J? b ^ P VtT 
2V 2 



C 



4, D 



which gives a mass term 



m 2 (T) = 



V TT V 2 



V 



V 2 



V ' 
VVtt 
~^p-- 



V 



(13) 



(14) 



were we have used ea. (lll|l . As mentioned above, the pole 
of the propagator, which gives the mass of the tachyon, 
does not coincide with d 2 V/dT 2 nor with d 2 F/dT 2 — 
Vtt/V - V^/V 2 . 

The term proportional to the space dimensions d 2 is 
given by C/A = —V 2 /p 2 giving a Carrollian type metric 
(for further reading see [g). The phase velocity of the 
perturbations is given by v 2 h = —C/A = V 2 / p 2 and it 
vanishes at V = 0. 
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IV. NORMALIZED SCALAR FIELD 

We are now interested in finding a field transformation 
which gives a canonical tachyon field valid for arbitrary 
values of T. A scalar field with canonical kinetic terms in 
the limit of small kinetic term (|T| <C 1) has been studied 
in the literature, giving a Lagrangian L ~ V(T)(1— T 2 /2) 
with A = V/2 as defined in eq.(JHJ), and suggesting the 
transformation [j| 



ip = VVT. (15) 

This transformation gives a Lagrangian L ~ ip 2 /2 — V . 
However, clearly the field ip is canonically normalized 
only in the limit of small kinetic terms and as discussed 
above the most interesting region is at late times where 
V approaches zero and T ~ 1. 

Instead, let us expand eq.Q around an arbitrary value 
of T (t) and f (t), i.e. T(t) = T Q {t) + 5T(t,x), and the 
second order term in ST is given by 

V(T ) 



SL 



ST 



p2 



(16) 



2(1 - T 2 ) 3 / 2 

which is just the term A of ea. l|13|) since the energy den- 
sity p = V{T )/ '\Jl — f 2 is constant. From eq.lJTBJ we 
suggest the new tachyon transformation 



V{T ) 



T 2 )3 /2 



T 



9 3/2 

~v~ 



T, 



(17) 



to obtain a canonical normalized tachyon field <p. The 
transformation in eq. I|17(l reduces to that of eq. I|15|l when 
\T\ <C 1 which implies that p ~ V. However, in our case 
the transformation in ea. l|17|) is not only valid for small 
T but it is also valid for arbitrary values of T. 

Integrating eq.JTJJ, using the fact that p(t) is constant, 
we get 



V 



■dt 



/f" 



(18) 



The equation of motion for <f> can be easily obtained 
from eq.(0) using ea.l |17(l (with p constant) giving 



— = 

V 3 d<t> 

4>+Us = 0, 



(19) 
(20) 

with the effective potential U{4>) defined by U<f, = 
dU/d(f> = (p 3 /V 3 )dV/d<fi. For p constant we can inte- 
grate U and we get an effective potential 



The last equality in ea. (|22|l can be easily derived by ex- 
tracting cb 2 from p 2 = V 2 / (1 — V 2 <fi 2 /p 3 ) and comparing 
it with <f) 2 = 2(p — U). It is clear from the last equality 
in eq. 11221 that the energy density p in terms of and U 
is that of a canonically normalized scalar field which can 
be derived from a Lagrangian 



L = \tf - u (</>), 



(23) 



and with an equation of motion given by ea. H19(l . The 

mass of the 4> is given by 



M 2 (<b) 



d 2 U 




'V* 



(24) 



where V<j> = dV/d(f>- In terms of the field T using eq. Ijl7|l 
we can express 11$ and as 



M 1 = 



3 /2 dV 




(25) 



If we substitute eq. (|17f) into eq. we get a Lagrangian 



L = — V((f>) y 1 — V ((f>) 2 c/) 2 / p 3 , with p constant, and if 
we expand to second order in perturbations of 4> around 
an arbitrary value 4> (t), the coefficients A, B,C, D, as 
defined in eq.©, are now given by 



A=K B = ^t 

2' V 



3- 



2V 2 



C 



YL 

'2p 2 '' 



(27) 

(3-2V 2 ^ 2 ). 



In this case we have A — 1/2 and C/A = —V 2 jp 2 show- 
ing that the field <fi has canonical normalized kinetic term 
(in a Carrollian metric). The mass of <j> given as the pole 
of the propagator using eas. l|ll|) and (|27|) gives a mass 
which is equal to that of ea. (|24|l . 

We have shown that to first and second or- 
der the homogenous part of the Lagrangian L = 

-V{<j))^l- V 2 (p 2 /p 3 and L = \cj) 2 - U{<j>) are equiv- 
alent. 



GENERAL ANALYSIS 



u = u - 



p 



(21) 



2V 2 ' 

with U = 3p/2. The energy density in eq.(@J can be 
expressed in terms of 4> and the effective potential U as, 

V V 1 



p = 



-^ + U{4>). (22) 



Let us now study some general properties of the 
tachyon field 4>(T) . Without loss of generality we take the 
origin at T = and we assume V t = V(T = 0) ^ 0. If the 
field T is a tachyon at the origin then Vr(T = 0) = and 
Vtt(T = 0) > 0. We can see that the tachyonic property 
of T is transmitted to <f> and its potential U (</)), since at 
the origin = and from eas. (|21ll . 125|) and (|26|) we have 



4 



U{<p = 0) = p = Vi and Ut(0) = V T /V^ /2 \ min = and 

mi it 

> o. 

The potential U = U a — p 3 /2V 2 diverges and is un- 
bounded from below at V — > 0. In terms of the potential 
U and using eci. ((TT|) the value of is 

2 = 2(p-C/)=p^-l). (28) 

At the origin one has V(Ti) = Vi = p and = while at 
the minimum V(T) = one has \<j>\ — oo. Even though 
the potential is unbounded from below the total energy 
density p remains constant. The conclusion is that at 
the minimum the quantities U((f>) and the field <f>, <j) tend 
to an infinite value, showing that (f> has a runaway be- 
havior and does not oscillate at the minimum V = 0. 
However, there is no stable configuration. This could be 
interpreted as the decay of the unstable brane-antibranc 
system represented by the tachyonic potential. 

A. Examples 
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FIG. 1: We show the normalized tachyon field <j> as a function 
of T for V = ViExp[-T 2 /2]. 
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In this section we will analyze a few interesting 
examples. First we will study the potentials V — 
V l Exp[~T 2 /2] 3] and V = V^/cosh[T] 0. Both of 
them have been conjectured to represent the tachyon field 
for a Dp-brane system in superstrings. Later we will 
study a cubic potential which is unbounded from below 
for negative T and has been related to Dp-brane system 
in bosonic strings. 

1. Potential V = Vi Exp [~T 2 /2] 

The potential V = VExp\-T 2 /2] has been widely 
studied in the literature It has a maximum at 

T = while it goes to zero at large T with vanishing 
potential. 

The normalized tachyon field <fi in terms of T, as given 
by eq. O > is 




and can be seen in figure JIJ. Notice that at T — > ±oo 
one has the limit <fi — ► ±oo. The effective potential U(<j>) 
is unbounded from below for V(T) — > and we show 
in fig. 10) the behavior of U, V and F = Log[V] + c, 
with c a constant such that F(Ti) — V(Ti) given by a 
solid, dashed and dotted lines respectively. The effective 
potentials F is also unbounded from below for V(T) — > 0. 

The mass of the normalized tachyon field <f> given by 
ea. (|26|l . the mass of T given by ea. (|14|l . and the second 
derivative of V and F are then 

M 2 = -(T 2 + 1), to 2 = T 2 (e~ T2 - 2) - 1, (30) 
V TT = e- T2/2 {T 2 - 1), F TT = -1, (31) 



FIG. 2: We show the potentials U, V,F as a function of 
T (solid, dashed and dotted lines respectively) for V = 
ViExp[-T 2 /2]. 

and are shown in fig. (O (solid, dashed, dash-dotted and 
dotted, respectively). The mass M 2 ,m 2 ,FTT are nega- 
tive for all values of T and M 2 , m 2 diverge at T — > ±oo or 
equivalently at V(T) — > 0. The infinite mass implies that 
the field is no longer a dynamical field at these points. 
On the other hand, the quantity Vtt is negative at the 
origin and tends to zero from above at T = ±oo. 

2. Potential V = Vi/ cosh[T] 

Let us now study the potential V = Vi/Cosh[T] 
which has been also widely analyzed in the literature. 
This potential has a maximum at the origin T = 0, is 
never negative, and goes to zero at large T. 




FIG. 3: We show the mass M 2 , m 2 and the second derivatives 
Vtt,Ftt as a function of T (solid, dashed, dash-dotted and 
dotted, respectively) for V = ViExp\-T 2 /2]. 



FIG. 4: We show the normalized tachyon field <j> as a function 
of T for a potential V = Vj/cosh[T]. 



FIG. 5: We show the potentials U, V,F as a function of 
T (solid, dashed and dotted lines respectively) for V = 
K/cosh[T]. 



Using ea. (|18fl the normalized tachyon field </> in terms 
of T is 

$6 = sinh[T], (32) 

and can be seen in figure (QJ. For T — > ±oo one has 
the limit — > ±oo, as expected. The effective potentials 
U(4>) and F(T) are unbounded from below for V(T) — > 
while V(T) > for all T. In fig.JSJ we show the behavior 
of [7, V and F given by the solid, dashed and dotted lines 
respectively. The behavior of the normalized scalar field 
4> and the potentials U, F are very similar in the two 
examples considered, namely V = ViExp[— T 2 /2] and 
V = Vi/cosh[T]. 

The mass of the normalized tachyon field <p given by 
eq.(J2BJ, the mass of T given by ea. lfHI) . and the second 
derivative of V and F are in this case 



M 
Vtt 



— 1, m = 
1 (cosh[2T] 



1 (cosh[4T 
~4 



■3) 



3) 



cosh[Tp 



cosh[T] 4 



i 



coshfTl 2 ' 



(33) 
(34) 



and are shown in fig.© (solid, dashed, dash-dotted and 
dotted, respectively) . The mass M 2 is negative and con- 
stant, while m 2 , Ftt are negative for all values of T and 
approach zero from below for T — > oo . The quantity Vtt 
is negative at the origin and tends to zero from above at 
T = ±oo. 

Contrary to the case V = ViExp[— T 2 /2] for the po- 
tential V = Vi/ cosh[T] the mass of <j> and T, i.e. M 2 and 
m 2 , do not diverge even though the effective potentials 
U, F diverge at large T. 



3. Potential V = T 3 + T 2 - 4/27 

We will now analyze the potential V = T 3 + T 2 — 
4/27. This kind of potential has been suggested 0] to 
parameterize a tachyon field of a unstable bosonic Dp- 
brane systems. The potential has a maximum at the 
origin T — 0, a minimum at T = 2/3, is unbounded from 
below for negative T and V(T) vanishes at T = 2/3, —1/3 
as seen from fig.Q. 
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FIG. 6: We show the mass M 2 , m 2 and the second derivatives 
Vtt, Ftt as a function of T (solid, dashed, dash-dotted and 
dotted, respectively) for V = Vi/ cosh[T]. 



The normalized tachyon field 
by eq-CHl, is 



in terms of T, as given 



9T 



8lV3 V2(2-3T) 



Log 



2(1 + 3T) 



2-3T 



(35) 



and can be seen in figure (jEJ). It is clear that <j) has a 
pole at T = 2/3 and T = —1/3 where \<p\ — > oo. So, even 
though the potential V(T) is defined for all values of T, 
the normalized tachyon (f> is only defined in the interval 
— 1/3 < T < 2/3 which implies that the field </> does 
not know of the unboundedness of V(T) for negative T. 
However, once again the effective potential U{<j>) and F 
are unbounded from below for V(T) — > and we show 
in fig.© the behavior of U, V and F given by a solid, 
dashed and dotted lines, respectively. 
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FIG. 7: We show the potential V = T 3 + T 2 - A/27 as a 
function of T. 



FIG. 8: We show the normalized tachyon field <j> as a function 
of T. 



FIG. 10: We show the mass M 2 ((f>), m 2 (T) and the second 
derivatives Vtt,Ftt as a function of T (solid, dashed, dash- 
dotted and dotted, respectively). 




FIG. 9: We show the potentials U, V,F as a function of T 
(solid, dashed and dotted lines respectively). 



The mass of the normalized tachyon field <p given by 
ea. (|26[l . the mass of T given by ea. (|14|l . and the second 
derivative of V and F are then 



M = - 



54(1 + 18T 2 ) 



(2-3T) 2 (l + 3T) 2 ' 
27[-32 - 576 T 2 + 5832 T 4 (T 



1)] 



16(2-3T) 2 (1 + 3T) 2 
27 x 19683T 6 (1-T) 2 



Vtt 



Ftt — — 



16(2- 3T) 2 (1 + 
6T- 2, 

27(2 + 9T 2 ; 



3Ty 



(2-3T) 2 (l + 3T) 2 



(36) 

(37) 

(38) 
(39) 
(40) 



and are shown in fig. (|10fl (solid, dashed, dash-dotted 
and dotted, respectively). The mass M 2 ,m 2 and Ftt 
are negative for all values of T and have a pole at 
T = 2/3,-1/3 or equivalently V(T) -> 0. The infinite 
mass implies that the field is no longer dynamical at these 
points. The quantity Vtt is only positive for T > 1/3. 



VI. LATE TIME BEHAVIOR 

We will analyze the late time behavior of the normal- 
ized tachyon field in a BI Lagrangian. We are also in- 
terested in determining if we can obtain an accelerating 
universe at late times. In order to do this, we will use 
the L'Hopital rule to derive the slow roll conditions which 
will given by exact relationships. Tachyonic slow roll con- 
ditions has been studied in |2(. 



A. Slow roll conditions and L'Hopital rule 

1. Canonical scalar field cp 

As a matter of presentation purpose let us first begin 
with a canonically normalized field and then we will study 
the case of a BI type lagrangian. In this first case the 
energy density is given by p = Ek + V and the pressure by 
p = Ek — V with Ek = <fi 2 /% the kinetic energy and V((p) 
the scalar potential. A general analysis can be found in 
. The evolution of p and acceleration of the scale factor 
a(t) of the universe are given in terms of p,p by 



p = -3H(p + p) = -6Hp(l- X) 
• 3p) = - 



2 

3- X 



(41) 
(42) 



with H = a/a. We have defined the quantity X = V/p 
and we expressed Ef. = p — V~ p(l—X) in the last part 
of eas. l|41|l and (|42|) . The quantity X is constrained by 
the values 1 > X > 0. From ea. ll4^|) we see that if X 
is larger than 2/3 then we have an accelerating universe. 
The equation of state parameter w is given by w = p/ p = 
1—2X and if X is constant then we have a scaling solution 
with p = p (a/a )- 6 ^- x \ 

We will consider only potentials that vanish at the min- 
imum Vmin = (if V m in > then it is easy to show that 
the dynamics always leads to inflation and for V rn i n < 
we have a non-inflationary universe and in fact a big 
crunch [13). For V = with p / 0, i.e. X = 0, we 
see from ea. (14211 that ip does not lead to an inflation- 
ary universe. However, from ea. (|41|l we have in this case 
a negative p and therefore p decreases until it reaches 
p = 0. This arguments shows that the late time behavior 
is the expected one V — > 0, p — > but the limit X = V/p 
is model dependent. Since the limits of V and p are zero 
we can use the L'Hopital rule to determine the asymp- 
totic (late time) value, 



lira X 



V 



lim 



V 



(43) 
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and since the limit p — 0, if V also vanishes then 



V 



lim X = lim — 

V p 



(44) 



Now, taking H 2 = p/3, the equation of motion Cp = 
— V'~ 3H(p and using eq. l|41(l the equations (|43|) and 
(I44|l give the constraints 



YL 

V 

Yl 
v 



^6(l-X)<V2, 
6(1 -X) < 2, 



(45) 
(46) 



where we have used eq. (|45fl to write the second derivative 
of the potential as V(<p) = V"tp 2 + V'(p = 2(l-X)p(V" + 
3V(l - X)) to derive eq.®- 

Equations (|45|l and l)46|) are the slow roll conditions 
at late time (i.e. for vanishing V, p) and are exact equa- 
tions in this limit. An inflationary universe must satis- 
fied the condition X > 2/3 which gives the last inequal- 
ities in eas. (|43|l . We have determined that exact value 
of V'/V, V" /V at which the universe no longer inflates 
at late time. It is easy to see that the limit is satisfied 
for a potential of the form V = V exp[6(l — X)ip] and 
the exponent must be smaller than two for V to inflate. 
This potential gives the scaling solution (i.e. X = cte) 
and p oc (a/a )~ 6(1_x) . 

A late time inflation, i.e. dark energy, requires X > 
2/3 and in the limit X — > 1 from eas. <|45[l one has 
V'/V -> 0, V" IV -> 0. For a potential V = tp a a period 
of late time inflation is simply obtained for a negative a. 



2. Tachyon field T 

Now, let us repeat the analysis for the tachyon field 
with Lagrangian (|TJ in a FRW metric. The equation of 
motion for T is f/(l - f 2 ) + 3HT + V T /V = and the 
energy density and pressure are given by eqs.Q. The 
evolution of p and the acceleration of the universe are 
now given by 



P 
a 
a 



-3H(p + p) 
1 



-3Hp(l 



6 



(p + 3 P ) 



X 2 
X 2 



(47) 
(48) 



with 1 > X = V/p > 0. In this case an inflationary 
universe requires X 2 > 1/3. It is clear that the r.h.s. of 
eq. ()47J) is non positive which implies that p decreases or it 
remains constant in time. The constant value of p takes 
place either for p = or at X 2 — V 2 /p 2 — 1. As in the 
canonical case, if V(T) — with p ^ then X = and 
from ea . (|48|) it is easy to see that the tachyon field does 
not inflate the universe. However, in the limit V — ► 
with X ^ 1 the energy density decreases and p — ► at 
late times. 

Since V and p tend to zero then we can use the 
L'Hopital rule to determine the asymptotic behavior of 



X and using the equation of motion of T the eas. (|43ll and 
(I44|l give the constraints 



, Vt 
ly3/2 

Vtt 




(49) 
(50) 



Eas. l|49|l and (|50|l give the exact late time limit for 
tachyonic potentials and the inequality must hold for 
the universe to inflate (i.e. X 2 > 1/3). A scaling so- 
lution requires X = cte and from eas. (|49(l we obtain 
the potential V = V /T 2 . This potential has been 
widely studied |12| and here we have derived it through 
a very simple and powerful tool, the L'Hopital rule. 
Our analysis reproduces the result for a scaling solu- 
tion given in [ll|, namely A = — Vr/V 3 ^ 2 constant and 
T ee Wtt/V^ = 3/2. Using the potential V = V a /T 2 
in eas. H49fl the constant V a is given in terms of X by 
V — 4Jf/3(l — X 2 ) and an inflationary universe requires 
V a > 2/V3 forX 2 > 1/3. Contrary to a canonically 
normalized fields were an inverse power potential always 
leads to inflation at late times in this case the constant 
term determines whether the universe inflates or not. 

E X = then the r.h.s. of eqs.l|l9")l and JHJ is infi- 
nite and taking the ansatz V = T a , giving V T /V 3 / 2 = 
T -(2+a)/2 and v TT /V 2 = T- (2+a \ eqs.(|lll and ^ are 
satisfied for a > with V(T — > 0) — > or for a < -2 in 
the limit V(T -> oo) 0. On the other hand, if X = 1 
then the r.h.s. of eas. (|49|l and (|50|) vanish which implies 
> a > -2 for V(T — > oo) — > 0. We have, therefore, 
shown that for inverse power potentials only the models 
with > a > —2 lead to a late time inflation, i.e. dark 
energy. 



B. Asymptotic Limit for cj> 

Now, we would like to study how the normalized 
tachyon field cf> defined by eq. l|17l) behaves at late time. 
We will assume that the origin is at T = and the po- 
tential V(T) vanishes at T = T m , i.e. V(T m ) = 0, where 
T m can take either an infinite or a finite value. The po- 
tential may have a minimum at T m but it is not relevant 
if V(T m ) is a minimum or not. 

Let us first begin the study in a Minkowski metric. In 
this case we have a constant p and from eq. (|17fl it is easy 
to see that in the limit V(T — * T m ) — > one has 



3/2 



______ 

V(T) 



= p 3 ' 2 



______ 

V(T) 



(51) 



since the integrand diverges. This implies that the nor- 
malized scalar field <j> is constraint between the zeros 
of the potential V(T) and never reaches the region of 
T > T m > (or T < T m for negative T m ) and <f> al- 
ways reaches an infinite value at V(T) = 0, i.e. the field 
(f> is only defined in the interval T m \ < T < T m 2, with 
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V(T m i) = V(T m 2) = 0, and <\> takes the whole range of 
values — oo < <f> < oo. This result contrast with the one 
obtained by using the transformation in ea. 1)15(1 where 
finite values for ip are obtained in the limit V — > 0. How- 
ever, we would like to point out again that the transfor- 
mation 1(15(1 gives a canonical scalar field only for small 
values of T and not for values of T ~ 1 where V ap- 
proaches zero. 

The constraint on the interval on the tachyon field 
T mi < T < T m2 , with V(T ml ) = V(T m2 ) = is quite 
important for models with finite values T m as in a cu- 
bic potential V = T 3 + T 2 — c, (c > 0), where it has a 
local minimum for T > and is unbounded from below 
for T < 0. This kind of potentials, obtained from Dp- 
brane in bosonic string theory, have not been thoroughly 
analyzed because for T < the potential V(T) it is ar- 
gued that the potential is unbounded from below and 
for the minimum at positive T the system is unstable (a 
large growth of perturbations when T oscillates around 
T m > 0). However, the physical field does not reach 
the regions outside the zeros of the potential V(T) and 
therefore does not oscillate around the minimum with 
T m > nor does it feel the unboundedness of the poten- 
tial for negative T. The fact that <j> does not oscillate 
around the minimum is what one would expect from a 
string motivated tachyon Q ■ 



1. Asymptotic Limit for <f> in FRW 

In the case of a FRW metric, the energy density is no 
longer constant and we cannot take p out of the integral 
in eg. 1(1811 . However, we can still easily investigate the 
asymptotic value of cj> for V(T) — > using the L'Hopital 
rule, as in the previous section. The relevant quantity 



is the integrand Y 



n3/2 



eas. 1(43(1 and 144(1 we have in this case 



/V(T) of eq.GHJl. Similar to 



lim Y 



,3/2 



lim 



V 



(52) 



with V = V T f. Using eqs.g7J) and |@SJ|, equation (52J| 
becomes 



lim Y = lim — Y. 

2 ' 



(53) 



which is only satisfied if Y 



/V = or Y 



Since Y = ^fp/X = VV/X 3 / 2 and > X = V/p > 1 
a value of X ^ gives Y — > 0. This is the case for 



any model that leads to late time inflation since X must 
be larger than 2/3. In this case, the integrand in ca. H18|) 
vanishes at late times and a finite value of cj> is obtained as 
long as / YdT ~ (/ WdT)/X 3 / 2 is finite in the limit of 
vanishing V (we have taken X out of the integral since in 
the late time limit it approaches a constant value). This 
will happen for models with a vanishing potential V(T) 
at a finite value of T. On the other hand, if X = 0, 
which represents a model with no late time inflation, the 
limiting value of Y is model dependent. 

VII. SUMMARY AND CONCLUSIONS 

We have analyzed the tachyon field motivated by 
brane-antibrane interaction with an effective BI type la- 
grangian with potential V(T) . We have deduced the mass 
of the tachyon field T as the pole of the propagator which 
is not given by the second derivative of V nor by the sec- 
ond derivative of the effective potential F oc Log[V]. The 
mass of T is given by eq. 1(14(1 . 

Since T does not have canonical kinetic terms we 
have generalized the commonly used transformation tp — 
J W dT, which is only valid for small T, to the trans- 
formation (j> = j (p 3 / 2 / VV)dT valid for all T and which 
reduced to the transformation of p in the limit of small 
T. We have derived the equation of motion for <j> and 
determined the effective potential U{<j>) given by ea. l(21|) 
and its mass ea. 1(24(1 . We have shown that the normal- 
ized tachyon field <p, in a Minkowski metric, is defined 
only in the region between the zeros of the original V(T) 
potential and the field </> takes the whole range between 
— oo and oo. 

We have used the simple but powerful tool of L'Hopital 
rule to derive exact slow roll conditions for late time in- 
flation, i.e. dark energy. As a side result we derive the 
potential which leads to a scaling behavior for a standard 
scalar field and for a tachyon field. 
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